Multi-scattering theory (MST) is an analytical tool which allows for the resolution of the field dispersed (scattered) by an interfering medium after leaving a source. The basis of the method consists in determining the way each inhomogeneity (scatterer) in the medium affects the incident wave, something which ultimately depends on the shape and mechanical properties of the scatterer. Unlike previously reported MST implementations in acoustics, which only deal with cylindrical scatterers, we studied the effects of employing structures with different shapes (triangular, square, elliptical). The using of these scatterers to conform periodic composite materials (crystals) is further tested and the arising results are contrasted with predictions based upon the band structures of the corresponding crystals. Also, both the geometrical parameters of the scatterers (cross-section and size) and their orientations in the crystal with respect to the source are varied, giving rise to additional tools to manipulate the acoustic field. All field computations were performed using a GPU.
Introduction
Acoustic and elastic wave propagation in periodic composite media (sonic and phononic crystals) has been the subject of extensive investigation during the last two decades, due to their remarkable features. For example, these artificial crystals can exhibit full (partial) band gaps, in which sound and vibration propagation is forbidden for any (some) direction and for a certain frequency range. The existence of these band-gaps has been proved both theoretically and experimentally, and is of interest for applications such as sound barriers [1] , acoustic waveguides [2] and wide-band resonators [3] . In this paper we will focus on the case of acoustical waves propagating in two-dimensional sonic crystals, which basically consist of an array of (infinitely) long scatterers arranged on a two-dimensional periodic lattice. By far, the most studied crystal is that when the scatterers are rigid cylinders. In this case, the band-gaps only depend on the lattice geometry and the filling fraction of the cylinders in the crystal. Therefore, changes in the lattice parameter and/or the radii of the cylinders can give rise to 'tunable' band-gaps. However, the transmission properties of the sonic crystals can also be modified by changing the geometry of the scatterers [4] . Elliptical [5] , square [6] , triangular [7] , and concaveshape [8] scatterers have been investigated hitherto. The combination possibilities for arbitrary scatterers and different lattice geometries are very diverse and optimization algorithms were also introduced [9] . Further, for non-cylindrical scatterers, a simple implementation of a tunable sonic-crystal can be achieved simply by rotating the scatterers along some longitudinal axis, leaving the lattice geometry unchanged [6, 10] .
The transmission properties of sonic crystals have been investigated by means of several theoretical methods, including the plane-wave expansion (PWE) method, the finite-elementmethod (FEM), the finite-difference time-domain method (FDTD) and the multiple-scattering theory (MST) method. For non-cylindrical scatterers, up to now only the first three methods were described in the literature [5, 6, 7, 8] . In this paper, we present a MST implementation for scatterers of arbitrary shape.
MST is a self-consistent method that can be used to calculate the pressure field produced by the interaction of an incident wavefront with two or more obstacles. MST solves the problem taking into account the fact that the field scattered from one obstacle induces further scattered fields from all the other obstacles. The scattered field from a single obstacle is derived from the boundary conditions on its surfaces and a radiation condition at infinity. For the two-dimensional case, the scattering problem can be exactly formulated in cylindrical coordinates expanding the field in terms of cylindrical (Bessel and Hankel) functions and defining a 'transition matrix' (or simply 'T-matrix', T ) that relates the coefficients of the expansion of the incident and scattered fields. The T-matrix acquires a particularly simple form for the case of the cylindrical scatterer, which has led to a broad use of MST for this now classic problem.
In this work, we will derive an implementation of the MST method for a sonic crystal made by scatterers of arbitrary shape, and validate the predictions for four particular cases (circle, ellipse, square and triangle) by comparison with results obtained through FEM and PWE method.
Method
The fundamental problem we want to solve is to find a solution for the Helmholtz equation which is consistent both with the field exciting the system and the boundary conditions that it imposes. Mathematically we can state that:
together with continuity of the normal component of particle speed and of pressure over the boundary C of each rigid object (scatterer) i in the system, i.e
(where the -(+) index and the b (a) suffix represent the inside of -medium surrounding-the scatterer) and the aim is to find a field P(r) which satisfies them.
Physically, P(r) is the sum of an external (source) field, P inc (r), and a 'scattered' field, P sc (r), arising from the many reflections occurring in the system. In order to solve the equation such field must be expanded on a basis of functions up to a truncation order (q max ). For the bidimensional case under study the natural basis to employ is that of cylindrical functions. Thus we can define the needed fields as
J q and H q being Bessel and Hankel functions of order q. Taking these equations into matrix form it can be shown [11] that the coefficients B q and A q which define the fields of interest are related via the T-matrix in the following way
The form of the T-matrix for the scatterer i depends on the wave number associated to the incident field, k, on the shape of the scatterer and on the mass density ratio (ρ /ρ) be-tween the material of the scatterer and of the surrounding medium, according to the following expression [11, 13] :
where the integral is taken along the boundary of the scatterer (with coordinates (r σ , θ σ ) and outward unitary normal vector n n n) and ϒ represents either Hankel (singular) or Bessel (regular) functions. By employing singular functions the 'singular' matrix, S qr , is obtained, while the 'regular', R qr , is computed using regular functions. Once both matrices have been calculated the T-matrix is obtained via:
which, for the special case of a circular scatterer with radius R, can be simplified to:
After obtaining the T-matrix for a arbitrarily shaped scatterer it can be incorporated into the standard MST calculation [11] . In this method, the solution for one scatterer is generalized to the interaction between all of them. This means that for the i-th scatterer, the incident field will be the external field added to the field scattered by the remaining ( j = i) scatterers. This can be written as:
where i and j identify the cylinders, r i is the position vector of the i-th cylinder and D j q is a combination of the B j q , external incident field, and the A j q for j = i, the field scattered by the rest of the scatterers, both expanded in a function basis centered at r i [12] . For each cylinder, the A i q and the D i q coefficients are related via the T-matrix of the i-th scatterer,
Once the A i q coefficients are obtained, the total scattered field can be calculated by simply adding the contribution of each cylinder,
where now i stands for all the cylinders in the structure.
Finally, the total pressure field, P tot (r), can be computed by adding the incident field and the calculated scattered field,
The computational implementation proposed can be summarized in the following steps:
1. defining the shape of each scatterer -which in this work was the same for every constitutent of the system-and its spatial location r i 2. expanding the external field in a basis of Bessel functions centered at each scatterer position r i , with coefficients {B i q }, up to a truncation order q max 3. calculating the T-matrices for each shape involved, for the set of wave numbers k corresponding to the frequencies desired and up to the truncation order 4. calculating the set of coefficients {A i q } of the scattered field for each scatterer via (7) and hence the set {D q } 5. putting all the coefficients A i q together in order to define the scattered field using (13) 6. evaluating the external (11) and scattered fields on a set of points (eventually a spatial grid) and summing them up to obtain the total field (14) Finally, given that the values of the fields at the many spatial points are independent of each other, the last operation described is highly parallelizable, and thus we decided to implement these computations on a CUDA device.
Results

Arbitrarily shaped single scatterer
In this section we show a computational validation for the proposed numerical calculation of the T-matrix for arbitrarily shaped scatterers by comparing our results with those obtained using a commercial implementation of FEM (COMSOL) for the acoustic field scattered by a single object. To this end we calculated the total pressure field resulting from the scattering of a harmonic plane wave (f = 800 Hz) impinging from the left on an square scatterer. The semidiagonal of the scatterer is 0.125 cm and it is rotated clockwise 35 degrees about its center and relative to the incident wave vector (see Figure 1 .a)).
In Figure 1 .a) we show the absolute value of the complex pressure field as a function of the position (|P(r)|) obtained using the proposed MST method. Panels b) and c) show cross-sections of the same magnitude as a function of x and y for y = 0.3 m and x = 0.3 m, respectively, obtained via MST (dashed-black line) and via FEM (solid-red line). These plots show a very good match between both methods.
As a measure for the convergence of our implementation, we calculated the normalized difference between the fields obtained with both methods ([|P(x)| MST − |P(x)| FEM ]/|P(x)| FEM ). The mean difference was 0.0061 (0.61 %), with a maximum of 0.0344 (3.44 %). It is worth noting that, even when FEM is a very extended technique, the obtained result is not the exact solution of the field but a numerical approximation, while MST is actually an analytical method written in terms of a series of elements, on which a truncation is performed. In this work the truncation order chosen was q max = 7 due to the good balance between computational cost and numerical precision provided. 
Sonic crystal made of arbitrarily shaped scatterers
Once the results for a single scatterer were obtained, the next step was to use this tool to predict the scattering of an acoustic composite (sonic crystal). In order to explore this, we calculated the field scattered by a sonic crystal formed by a square lattice of 5 by 12 scatterers with a) circular, b) elliptical, C) triangular, d) square, and e) 45 • rotated square cross-sections. We defined a characteristic dimension d for the scatterers. This dimension corresponds to the radius (circle, triangle), semi-major axis (ellipse) or the semi-diagonal (square). The ratio d/a was fixed at 5/12, where a is the lattice parameter of the sonic crystal. This corresponds to approximate filling fractions of 0.545, 0.196, 0.347 and 0.226 for the circle, ellipse, square and triangle respectively. The external field is a plane wave with wave vector normal to the longest dimension of the sonic crystal. We report the amplitude transmission coefficient ATC, calculated as the ratio between the amplitudes of the total pressure field and the external field in a square of side a located at a distance d behind the sonic crystal (relative to the impinging wave, see Figure 2 .f)).
In Figure 2 we show the amplitud transmission coefficient for each sonic crystal slab (right), as a function of the normalized frequency (ATC(a/λ )) obtained via FEM (red) and MST (black), along with the band diagram for normal incidence (left) corresponding to the geometry of the composite (obtained via PWE method [14] ). The predicted ATC shows a very good quantitative and qualitative agreement between the two methods, giving support to the validity of the MST implementation presented here. Also, both results seem to reflect what is predicted by the band diagram, showing lower transmission for the band-gap regions. Nevertheless, since the band diagram is obtained for an infinite lattice and we are modelling a finite array, the match between band-gaps and low transmission is not observed throughout the whole frequency range (also being better for some geometries than for others).
As previously stated, we decided to perform all of the acoustic field calculations via a CUDA parallel implementation. The time reduction thus accomplished was quite significant even with a modest CUDA device, lowering 6 times the demanded computation time for each frequency (using a NVIDIA GeForce GT 620 with 96 CUDA cores, in combination with a 8x Intel(R) Core(TM) i7-4790 CPU @ 3.60GHz). Further optimizations can still be performed in order to continue lowering these times.
As mentioned before, a major advantage of sonic crystals made up of non-circular scatterers is that their transmission and reflection characteristics can be modified by simply rotating the individual scatterers. An illustration of this is displayed in Figure 3 , where the sound pressure level field (in dB) for a a/λ = 0.787 plane wave impinging from the left on the sonic crystal with square scatterers is shown. For the structure in panel a) the scatterers are oriented facing the plane wave while for the structure in panel b) the squares were rotated 45 • . It can be seen that the rotation has a dramatic effect on the transmission properties of the sonic crystal. This is due to the fact that for the un-rotated squares this frequency falls within a forbidden band and for the rotated it does not, as predicted by the band diagrams for both lattices (see Figure 2 .d) and .e)). 
Final remarks
In this work we described a semi-analytical method that allows for the calculation of the acoustic field resulting from the interaction of a wave with a set of rigid two-dimensional objects of arbitrary shape. This procedure combines the analytical power of the MST method with a numerical calculation of the T-matrix for arbitrarily shaped acoustic scatterers and a CUDA parallel implementation for the final calculation of the acoustic field. The algorithm was validated comparing its predictions with those obtained by a FEM implementation. A further verification of the method is needed, probably using more intricate shapes for the scatterers and evaluating the convergence with the truncation order q max .
It must be noticed that the MST method works only under free-field conditions, since it does not comprehend the possibility of introducing reflections on walls. However, due to the fast con- vergence of the series of cylindrical functions and to the semi-analytical nature of the method, the implementation presented here provides a valuable tool for an efficient computation of the acoustical properties of sonic crystals (and other acoustic composites) made by scatterers of arbitrary shape.
